The effect of quark-gluon vertex dressing on the ground state masses of the u/d-quark pseu- 
I. INTRODUCTION
In the modeling of QCD for hadron physics, the rainbow truncation of the quark propagator Dyson-Schwinger equation (DSE) coupled with the ladder truncation of the BetheSalpeter bound state equation (BSE) has been found to provide a very efficient description for ground states [1, 2] and for finite temperature and density [3] . In particular, a ladder-rainbow model [4] , with one infrared parameter to generate the empirically acceptable amount of dynamical chiral symmetry breaking, provides an excellent description of the ground state pseudoscalars and vectors including the charge form factors [5, 6] , electroweak and strong decays [7, 8] , and electroweak transitions [9, 10] . Recent comprehensive reviews of QCD analysis and modeling for nonperturbative physics emphasize the gauge sector DSEs [11] and hadron physics [2] . The ladder-rainbow truncation is known to satisfy both the vector and the flavor non-singlet axial-vector Ward-Takahashi identities; the latter implementation of chiral symmetry guarantees the Goldstone boson nature of the flavor non-singlet pseudoscalars independently of model details [12] . The small explicit symmetry breaking through current masses provides the detailed description of the pseudoscalar masses.
Although the vector masses are not explicitly protected by a symmetry, the excellent description in ladder-rainbow truncation (typically within 5% of experiment [4] ) illustrates the strong correlation between hyperfine splitting amongst "S-wave" states and dynamical chiral symmetry breaking. However, the ladder-rainbow truncation has inadequacies that are beginning to be understood and addressed. Corrections to the bare quark-gluon vertex inherent in the ladder-rainbow kernel have been examined within a schematic infrared dominant model [13] that admits algebraic analysis. In a dressed loop expansion, the corrections to the ladder-rainbow Bethe-Salpeter kernel were found to have repulsive and attractive terms that almost completely cancel for pseudoscalars and vectors but not so for scalars [14] . Our understanding is far from complete; the schematic model used for this analysis does not bind scalar or axial vector meson states.
In the axial vector channels 1 ++ (a 1 /f 1 ) and 1 +− (b 1 /h 1 ), the ladder-rainbow models, exemplified by Refs. [4, 15] , are too attractive: the masses produced are 0.8-0.9 GeV [16] .
Evidently the orbital excitation energy m a 1 − m ρ ≈ is about a factor of 3 too small. On the other hand, very reasonable m a 1 and m b 1 values (≈ 1.3 GeV) are obtained with covariant separable models [17, 18, 19] that incorporate some of the key features of the ladder-rainbow truncation. This encourages a systematic examination.
The ladder Bethe-Salpeter kernel is vector-vector coupling (γ µ ⊗ γ ν ) and this generates a particular coupling of quark spin and orbital angular momentum. Some of the processes beyond this level constitute dressing of the quark-gluon vertex which generates a more general Dirac matrix structure for the vertex. Although 12 independent covariants are needed to describe the most general dressed vertex, those that involve the scalar Dirac matrix are of particular interest. Meson bound states are dominated by the infrared and one expects that it is most important to model the dressed vertex at very low gluon momentum.
In this case only the quark momentum and the Dirac matrices are available for construction of the vector vertex covariants; of the three possible covariants, two involve γ µ and the third involves the Dirac scalar matrix. The latter generates a different coupling of quark spin and orbital angular momentum; such a correction to ladder-rainbow could distinguish between "P-wave" states such as the axial-vectors and the "S-wave" pseudoscalars and vectors. Another characteristic of a Dirac scalar matrix term in the vertex is that, in the chiral limit, it cannot be generated by any finite order of perturbation theory; it is generated by dynamical chiral symmetry breaking in quark propagators internal to the dressed vertex. Since dynamical chiral symmetry breaking sets the infrared scale of the ladder-rainbow truncation, it is natural to include the Dirac scalar part of the dressed vertex in considerations beyond this level.
It is only recently that lattice-QCD has begun to provide information on the infrared structure of the dressed quark-gluon vertex [20] . In the absence of well-motivated nonperturbative models for the vertex, many authors have employed the (Abelian) Ball-Chiu Ansatz [21] times the appropriate color matrix and comprehensive results from a truncation of the coupled gluon-ghost-quark DSEs have been obtained this way [22] . However, there is no known way to develop a BSE kernel that is dynamically matched to such quark propagator solutions in the sense that chiral symmetry is preserved through the axial-vector Ward-Takahashi identity. It is known that such a symmetry imposes a specific dynamical relation between the quark self-energy and the BSE kernel [23] . Since the ladder-rainbow kernel contains infrared phenomenology matched to the chiral condensate, a specification of correction terms that ignores chiral symmetry will needlessly alter the pseudoscalar sector.
An artificial fine tuning of parameters can misrepresent the relationship to other sectors.
There is a known constructive scheme [14] that defines a diagrammatic expansion of the BSE kernel corresponding to any diagrammatic expansion of the quark self-energy such that the axial-vector Ward-Takahashi identity is preserved. We will apply this to a 1-loop model of the dressed vertex. Since use of a finite range effective gluon exchange kernel to construct the 2-loop BSE kernel leads to a very large computational task, especially with retention of all possible covariants, we begin here with a simplification. To an established finite range rainbow self-energy, we add a 1-loop vertex dressing model using the Munczek-Nemirovsky (MN) [13] delta function model. The corresponding BSE kernel is then formed by the previously mentioned constructive scheme, with one modification: to preserve charge conjugation symmetry for appropriate meson solutions, this approach requires that the BSE kernel be symmetrized with respect to interchange of the two distinct effective gluon exchange models that appear therein. The resulting kernel still preserves the flavor non-singlet axial-vector
Ward-Takahashi identity. This hybrid model retains the advantages of a finite range ladderrainbow term, providing about 0.9 GeV towards axial-vector masses, while enabling a feasible exploration of the effects of vertex dressing. Recent investigations of the BSE beyond rainbow-ladder truncation [24, 25] have exploited the algebraic structure that follows from use of the MN model throughout and have not been able to address axial-vector states.
In Section II we consider vertex dressing within the quark DSE and specify the employed rainbow self-energy and the model dressed vertex. The resulting 2-loop self-energy of the present approach is described. The chiral-symmetry-preserving BSE kernel is obtained from this self-energy in Section III where the preservation of the axial-vector Ward-Takahashi identity in the present context is outlined. We discuss the solutions for the dressed quark propagator in Section IV. In Section V we describe the BSE of the present work. Numerical results for meson masses are presented in Section VI. Section VII contains a summary and the Appendix provides details of the 2-loop quark DSE that arises here.
II. VERTEX DRESSING AND THE QUARK DYSON-SCHWINGER EQUATION
We work with the Euclidean metric wherein Hermitian Dirac γ-matrices obey {γ µ , γ ν } = 2δ µν , and scalar products of 4-vectors denote
In QCD, the Dyson-Schwinger equation for the renormalized quark propagator is Most studies have used the rainbow truncation in which the kernel of Eq. (1) becomes
where ∆ µν (q) = t µν (q) ∆(q 2 ), t µν (q) is the transverse projector, and ∆(q 2 ) is an effective interaction. Due to chiral symmetry, there is a close dynamical connection between the kernel of Eq.
(1) and the Bethe-Salpeter kernel for pseudoscalar mesons [12, 14] . This connection, and the observation that ∆(q 2 ) should implement the leading renormalization group scaling of the gluon propagator, the quark propagator and the vertex, has been exploited [26] to specify the ultraviolet behavior of ∆(q 2 ) by that of the renormalized quark-antiquark interaction or ladder Bethe-Salpeter kernel. In such a QCD renormalization group improved ladder-rainbow model [26] , ∆(q 2 ) behaves as 4 π α 
Independently of the details of the model, this ladder-rainbow truncation preserves chiral symmetry as expressed in the axial-vector Ward-Takahashi identity, and thus guarantees massless pseudoscalars in the chiral limit [12] . It is known that the chiral symmetry relation between the kernels of the Dyson-Schwinger and Bethe-Salpeter equations may be maintained order by order beyond the ladder-rainbow level in a constructive scheme in which the first two terms are [14] 
This replaces the corresponding portion of the Dyson-Schwinger kernel of Eq. (2). Normally one has ∆ = ∆.
The corresponding Bethe-Salpeter kernel in this scheme is generated as the sum of terms produced by cutting a quark line in the diagrammatic representation of the quark self-energy.
Due to the complexity of a Bethe-Salpeter calculation with a two-loop kernel, existing numerical implementations [14, 24, 25] for bound states have used the infrared dominant model in which ∆(q 2 ) = ∆(q 2 ) ∝ δ 4 (q). Through its results for dressed quark propagators and pseudoscalar and vector mesons, it is known that this simple model effectively summarizes the qualitative behavior of more realistic models. The strong infrared enhancement is the dominant common feature. The algebraic structure that this model gives to the DSE-BSE system was exploited to implement the BSE kernel consistent with an Abelian-like summed ladder model for the quark-gluon vertex [24] . It was found that the quark propagator and the BSE meson masses are well-represented by the 1-loop version of that vertex model. A disadvantage of this algebraic model for the entire BSE kernel is that it does not support non-zero relative momentum for quark and anti-quark. This is likely the reason why it does not bind the (P-wave) axial-vector states.
Since existing finite range ladder-rainbow models typically produce axial vector masses of about 0.9 GeV, we use this to build a model that generalizes the approach of Ref. [14] ; the delta function interaction is used only as an effective representation of the gluon exchange that implements vertex dressing via Eq. (4) . Since this hybrid model has ∆ = ∆, an adjustment must be made in the construction of the symmetry-preserving Bethe-Salpeter kernel and we address this in Section III.
Hence for ∆ µν (q) appropriate to the ladder-rainbow level of the present approach, we take the following convenient representation [15] :
The parameters D and ω are required to fit the light pseudoscalar meson data and the chiral condensate; throughout we will use the values [15] ω = 0.5 GeV, D = 16 GeV −2 . We shall consider only u/d-quarks with m = 5 MeV representing the current mass [15] . With this form we retain the phenomenological successes of recent studies [4, 15, 26] of the light quark flavor non-singlet mesons at the rainbow-ladder level. We note that the above model does not implement the ultraviolet behavior of the QCD running coupling; this contributes typically 10% or less to meson masses [4] and this level of precision is not our concern here.
The form of this model interaction also produces ultraviolet convergent integrals and thus renormalization will be unnecessary here; one has Z 1F = Z 2 = 1 and m R = m.
For the effective gluon exchange that implements vertex dressing, we employ the MunczekNemirovsky (MN) model [13] in the form
The single parameter G represents the integrated infrared strength which is the key feature for empirically successful ladder-rainbow models. To set G, one could match the quark mass function at p 2 = 0 or the vector meson ground state mass in rainbow-ladder truncation. Here we have chosen to simply demand that both models have the same integrated strength. From
Eqs. (5) and (6), this gives G = D ω 4 /2, and yields G = 0.5 GeV 2 . We note that the smaller estimate G ≈ 0.25 GeV 2 is suggested by reproduction of m ρ = 0.770 GeV in rainbow-ladder truncation. We present our results for the parameter range
The simple form, Eq. (6), for ∆ reduces Eq. (4) for the dressed vertex to an algebraic
where the factor 1/8 comes from the above 1/6 times an extra factor of 3/4 generated by the combination of the transverse projector and the δ function. With this, Eq.
(1) for the quark propagator becomes
Our approximation for the dressed quark-gluon vertex is summarized by Fig. 1 where the wavy line identifies the gluon exchange that has been simplified to the MN model. We note that, although in an Abelian theory like QED this is the only 1-loop diagram that provides vertex dressing, this is not the case in QCD where there is a second 1-loop quark-gluon diagram allowed due the existence of a 3-gluon vertex. There is no definitive information available for nonperturbative modeling of the 3-gluon vertex and such considerations are beyond the scope of this work. We note that in Ref. [25] the effect of such a contribution was estimated by arguing that a rescaling of the Abelian-like 1-loop diagram for the quarkgluon vertex would be the result. The examination of Bethe-Salpeter bound states in this context again utilized the algebraic structure afforded by the MN model. We explore the present model for its capability to addresss a larger class of meson states (e.g., axial-vectors)
through an extension of Ref. [14] where the vertex phenomenology is based upon Eq. (4).
The establishment of this capability may allow a wider examination of vertex phenomenology in future investigations.
III. SYMMETRY-PRESERVING BETHE-SALPETER KERNEL
The close dynamical connection between the Bethe-Salpeter kernel and the quark propagator is manifest in chiral symmetry as expressed through the axial-vector Ward-Takahashi identity. We shall be interested only in the color singlet, flavor non-singlet channels where such an identity leads to the Goldstone phenomenon in the chiral limit. The flavor singlet channels have an axial anomaly term in the axial-vector Ward-Takahashi identity, which blocks the Goldstone phenomenon; the η − η ′ system and scalars with flavor singlet components lie outside of our considerations. From the quark self-energy of our model as given in Eq. (8), the symmetry-preserving BSE kernel can be obtained by the constructive scheme of Ref. [14] with a generalization to account for the concurrent use of two distinct effective interactions.
In a flavor non-singlet channel, and with equal mass quarks, the axial-vector Ward-Takahashi identity is
where we have factored out the explicit flavor matrix. The color-singlet quantities Γ 5 µ and Γ
5
are the axial-vector vertex and the pseudoscalar vertex respectively, p is the relative quarkantiquark momentum, and P is the total momentum. We use the notation p + = p + ξP and results will be independent of ξ if a complete momentum and Dirac matrix representation is used [5] . In the present work with equal mass quarks, we use ξ = 1/2 for convenience.
The BSE kernel determines the dressed parts of the vertices Γ 5 µ and Γ 5 , while the selfenergy determines the dressed part of S −1 . Corresponding to a given approximation for S −1 , one seeks the matching approximation for the BSE kernel so that the above Ward-Takahashi identity holds for the truncated theory. In this way the pseudoscalar bound state results will be dictated by the pattern of chiral symmetry breaking and largely invariant to model details.
If we define
then the BSE integral equations for Γ 5 µ and Γ 5 , that have inhomogeneous terms Z 2 γ 5 γ µ and Z 4 γ 5 respectively, can be combined to yield
where K(p, k; P ) αβ,δγ is the BSE kernel. For generality and clarity we have retained the renormalization constants although, in the eventual application to the present model, they will be unity. If Eq. (9) is to hold, then we may eliminate Λ(p; P ) in favor of S −1 so that Eq. (11) explicitly relates the BSE kernel and the dressed quark propagator via
It is helpful to move the inhomogeneous term to the left hand side so that cancellations leave only the self-energy integrals on the left. With use of the explicit form of the self-energy integrals from the DSE, as given by Eq.
(1), we thus have the axial-vector Ward-Takahashi identity expressed in the equivalent form
For a given approximation or truncation to the vertex Γ ν (k, p), the corresponding truncated BSE kernel has to satisfy this integral relation to preserve chiral symmetry. Any proposed Ansatz can be checked through substitution. The rainbow truncation on the left (substitute Eq. (2)) and the ladder truncation on the right (substitute Eq. (3)) obviously satisfy Eq. (13).
The general relation between the BSE kernel K and the quark self-energy Σ can be expressed through the functional derivative [23] K
It is to be understood that this procedure is defined in the presence of a bilocal external source forqq and thus S and Σ are not translationally invariant until the source is set to zero after the differentiation. An appropriate formulation is the Cornwall-Jackiw-Tomboulis effective action [27] . In this context, the above coordinate space formulation ensures the correct number of independent space-time variables will be manifest. Fourier transformation of that 4-point function to momentum representation produces K(p, q; P ) having the correct momentum flow appropriate to the BSE kernel for total momentum P .
The constructive scheme of Ref. [14] is an example of this relation as applied order by order to a Feynman diagram expansion for Σ(p). An internal quark propagator S(q) is removed and the momentum flow is adjusted to account for injection of momentum P at that point.
With a change in sign (related to use of {γ 5 , γ µ } = 0 in Eq. (13)), this provides one term of the BSE kernel. The number of such contributions coming from one self-energy diagram is the number of internal quark propagators. Hence the rainbow self-energy generates the ladder BSE kernel; this is the first term in Fig. 2 . A 2-loop self-energy diagram (i.e., from 1-loop vertex dressing as in the present case) generates 3 terms for the BSE kernel. By substitution into Eq. (13) one can confirm that the axial-vector Ward-Takahashi identity is preserved. Similarly, the vector Ward-Takahashi identity is also preserved.
In the present study, our combined use of two different gluon propagator models requires that the BSE kernel obtained so far be subjected to an additional procedure to preserve charge conjugation symmetry. The behavior of the Dyson-Schwinger equation under charge conjugation leads to invariance of the self-energy amplitudes under interchange of the two different gluon propagators. In particular, Eq. (8) may be written in the equivalent form
and it makes no difference which of the two gluon propagator models is considered to be implementing the 1-loop vertex dressing. However, once a quark propagator is removed from a self-energy diagram to produce a contribution to the BSE kernel, interchange of the With these considerations, the explicit form for the two-loop BSE kernel of the present model is
It is straightforward to verify by direct substitution of this kernel and the 1-loop dressed vertex that the axial-vector Ward-Takahashi as expressed by Eq. (13) is satisfied. The charge conjugation invariance of the kernel can be verified by substitution into the bound state BSE
followed by charge conjugation in the form
Here C = −γ 2 γ 4 is the charge conjugation matrix, C M is the charge parity of the meson, and χ(p; P ) = S(p + ) Γ(p; P ) S(p − ) is the Bethe-Salpeter wave function. 
IV. VERTEX CORRECTION TO THE QUARK PROPAGATOR
The dressed quark propagator can be represented by a pair of amplitudes and the two convenient forms used herein are defined by
Projection of the Dyson-Schwinger equation (8) of the present model on to the amplitudes A and B yields the coupled equations
where x = p 2 . In Appendix A explicit expressions are given for I i (x) and J i (x) as integrals involving σ V (y) and σ S (y) for all spacelike y = k 2 . For i = 2, 3, the integrals I i , J i are proportional to the strength G for vertex dressing. In the above they multiply scalar and vector propagator amplitudes at x because, due to the delta function, one quark propagator involved in the 2-loop self-energy is always evaluated at the external momentum. The quark Dyson-Schwinger equation thus has partly an algebraic structure and partly an integral structure.
The rainbow truncation, G → 0, yields A(x) = I 1 (x) and B(x) = J 1 (x); the nonlinearity here is contained in the expressions for I 1 (x) and J 1 (x) given in Appendix A. In this limit, our results reduce to those of Ref. [15] thus providing a useful check of our solutions. The limit ω 2 → 0 provides a complementary check: the distinct effective interactions of the present model, ∆ µν (q) and ∆ µν (q), become identical. In this case the quark DSE, Eqs. (20) and (21), takes on the algebraic structure that follows from use of the MN delta-function model in all aspects; this has been applied in Ref. [14] and in the 1-loop vertex considerations of Ref. [24] .
The spacelike (x > 0) solutions of Eqs. (20) and (21) are calculated by iteration subject to the boundary conditions A(x) → 1 and B(x) → m for large enough spacelike x. We note that the solution method can be based on purely numerical iteration or upon a mixture of numerical iteration followed by determination of polynomial roots. The latter case emphasizes the algebraic dependence of Eqs. (20) and (21) upon the explicit A(x) and B(x) once the integrals I i and J i have been evaluated. Both methods were used as a check.
The amplitudes A, B in the spacelike region are shown in Fig. 3 for the chiral (m = 0)
limit. The rainbow result is displayed as a solid line and is compared to results that include vertex dressing characterized by strength parameter G, with G = 0.5 GeV 2 being our estimate of the internally consistent value for this model. The influence of vertex dressing is evident mainly in the infrared region x < 1 GeV 2 where both A(x) and B are reduced without an alteration in the qualitative behavior. There is a modest increase in the dynamical mass B/A. These results parallel those obtained from the MN delta-function model [24] .
At x = 0, B decreases by ∼ 20% and A − 1 decreases by ∼ 30%.
The effect of vertex dressing on the quark propagator can be cast in a more physical context by considering the chiral vacuum quark condensate0 which characterizes dynamical chiral symmetry breaking. In general the condensate at renormalization scale µ is
where S 0 (k) is the chiral limit propagator. For an extensive discussion of the condensate in QCD, see Ref. [28] . The present simple model is ultraviolet convergent, regularization is not required, and Z 4 = 1. Eq. (22) then yields which can be considered to be at the typical hadronic scale µ ∼ 1 GeV. The results for0 given in Table I show a decrease of 2% as the rainbow truncation (G = 0.0 GeV 2 ) is extended by the range of vertex dressing considered here.
Since the 2-loop BSE kernel used here preserves the axial-vector Ward-Takahashi identity, the resulting mass relation [12] for pseudoscalar mesons is also preserved. At low m q this relation becomes the GMOR relation 
This expression is known to provide an underestimate by about 10%.
The results for f 0 π are also given in Table I . The variation between the 1-loop (rainbow) kernel (G = 0.0 GeV 2 ) and the estimate for the physical 2-loop kernel (G = 0.5 GeV 2 ) is 1%. The expected stability of m π is confirmed from the BSE solution in Sec. V. To facilitate our investigation of the BSE with the 2-loop kernel, the continuation to
for total meson momentum will be implemented under the real axis approximation [7] , defined as the substitution F (x) → F (ℜx) where F (x) stands for the quark propagator amplitudes A(x) and B(x) as they appear in the BSE kernel. The otherwise necessary, model-exact, method requires knowledge of the complex momentum plane structure of the BSE and DSE kernels, and has been developed and tested [4] only for ladder truncation. Since the present 2-loop kernel is exploratory and future developments are expected, we use the approximate method here. With a ladder kernel of the present type, the real axis approximation produces values for m ρ , m K ⋆ and m φ that are within 4%, 7% and 1% respectively [7] of the model-exact values; an accuracy of about 10% is anticipated for masses up to about 2 GeV [7] .
Propagator amplitudes A and B, in the chiral limit, and along the real timelike p 2 axis are displayed in Fig. 4 for representative values of the vertex dressing strength G. of applicability identified this way is x > −0.7 GeV 2 [15] , which allows meson states below about 1.7 GeV to be free of spuriousqq widths. In Fig. 4 our model vertex dressing can be seen to enlarge the physical domain of applicability; any meson states up to 2 GeV would be without such spurious widths. This is consistent with the effective increase in infrared strength that is generated by vertex dressing.
V. THE BETHE-SALPETER EQUATION AND MESONS
With the constructed 2-loop kernel, Eq. (16), the homogeneous Bethe-Salpeter equation
for mesons becomes
where the integrations over the δ-functions have been carried out and χ(p; P ) = S(p + )Γ(p; P )S(p − ). Discrete solutions for meson mass M n exist for P 2 = −M 2 n . To solve for a particular meson, one must specify the appropriate quantum numbers J P C by expressing the bound state vertex Γ in the general covariant form that has the corresponding transformation properties. The quark flavor content can be specified by the current quark masses. Here we consider pseudoscalar, vector and axial-vector charge eigenstates and adopt isospin symmetry through degenerate u and d quarks. The general covariant forms used here are
where the notation a For numerical solution of Eq. (26) we project onto the basis of Dirac covariants to obtain coupled equations for the amplitudes Γ i . The dimensionality of integration is reduced by expansion of Γ i in the complete orthonormal set of Chebyshev polynomials T k (z) in the
Projection of the equation onto the T k basis then produces a set of coupled 1-dimensional integral equations for the Γ k i (p 2 ; P 2 ). An explicit factor of p·P is extracted from the odd Γ i and an even order Chebyshev expansion is used for the remaining factor. Convergence and stability is normally achieved with N ch = 4 or 6. The meson mass M n is determined by introducing a linear eigenvalue λ(M) so that the Bethe-Salpeter equation reads
with P 2 = −M 2 ; the mass M is varied until λ(M = M n ) = 1. The physical ground state in a given channel is determined by the largest real eigenvalue.
VI. NUMERICAL RESULTS AND DISCUSSION
We explore ground state u/d-quark mesons and adopt the ladder kernel model of Ref. [15] which provides the parameters ω = 0.5 GeV, D = 16 GeV −2 (see Eq. (5)) and m u/d = 5 MeV.
The strength parameter G for vertex dressing is varied in the range 0.0-0.5 GeV 2 . Our model Bethe-Salpeter kernel produces real ground state masses since it does not contain a mechanism for a hadronic decay width; it also does not distinguish between isoscalar and isovector states. We indicate the physical state identifications with these qualifications in mind. Real mass solutions of the type obtained here have in the past provided a basis for successful perturbative descriptions of strong decay widths in non-scalar channels, an example being the ρ → ππ width [30, 31, 32] . This and other numerical techniques were applied until an accuracy of better than 5% was achieved for the masses. With strength G = 0.5 GeV 2 for vertex dressing, the m q -dependence of the pseudoscalar bound state mass near the chiral limit is displayed in Fig. 5 . The form
provides a good fit with a 1 = 1.94 GeV Table I, we deduce from the fitted a 1 that f 0 π = 0.1272 GeV. This chiral value is 3% lower than the experimental value f π = 0.1307 GeV (at the physical mass) and is consistent with previous findings [26] . It is also consistent with the independent calculation of f 0 π in Section IV. for G = 0.5 GeV suggests that any mass solution would be above 2 GeV. There is a scalar 0 ++ solution to the present model at a mass of 0.7 GeV in ladder approximation; this decreases to 0.6 GeV for the physical 2-loop kernel. The ladder value is consistent with previous models of this type [15, 18, 33] . A physical identification for the 0 ++ solution here is not appropriate because hadronic configurations such asKK are expected to play an important role, and the ladder-rainbow truncation is known to be deficient in this channel [14] .
The mass values for the 1 −− (ρ/ω) channel are presented in Table II for the relevant range of parameters G and N ch . The effect of the present model of 1-loop vertex dressing is seen to be an attraction of only 30 MeV. In contrast, a repulsive change of about 70 MeV applies when the delta function representation is employed for all aspects of the 2-loop kernel [24] .
That simplification also provided an extension to the complete ladder summation of the one-gluon exchange mechanism for the vertex; the result being just a 75 MeV repulsion [24] .
Evidently, finite momentum range effects in the kernel can influence the net result from vertex dressing and whether there is net attraction or repulsion.
However, the larger issue in the present context is why the typical effect beyond rainbowladder seems to be no more than ±10% for the ground state vector mass when there is no explicit protection from an underlying symmetry. With the pseudoscalar state fixed by chiral symmetry, the hyperfine splitting that can be generated by modeling the quark-gluon vertex by effective gluon exchange is evidently a weak perturbation on the ladder kernel.
Recent work indicates that significant attraction is provided to the dressed gluon-quark vertex by the triple-gluon vertex, and a schematic model implementation suggests that up to a 30% attractive effect on m ρ can be provided in this way beyond rainbow-ladder [25] .
Further work is required for an understanding of how best to model the quark-gluon vertex for hadron physics.
No mass solution below 2 GeV was found in the exotic channel 1 −+ . In this mass range, the largest eigenvalue had reached 0.5-0.8. Masses above 2 GeV might be possible in a model of this type.
The eigenvalue behavior for the axial vector solutions in the 1 ++ (a 1 /f 1 ) and 1
channels are displayed in Fig. 7 and also in Table III . In previous work, the ladder truncation, constrained by chiral data, is generally found to be 200-400 MeV too attractive for these Pwave states [7, 15, 16] . . We are not able to compare these findings with previous work on vertex dressing since such P-wave states do not have solutions in the models considered previously for that purpose [14, 24, 25] . Other studies of a 1 and b 1 based on the ladder- rainbow truncation have used a separable approximation where the quark propagators are the phenomenological instruments [17, 18, 19] , these studies find more acceptable masses for both states in the vicinity of 1.3 GeV.
The typical widths of the ground state axial vector mesons are about 20% of the mass and 3π and 4π decay channels are prominent. Although widths of this magnitude have been successfully generated perturbatively for vectors [7] and axial-vectors [19] from BSE solutions that do not have the decay channels within the kernel, it is possible that such dynamics are responsible for important contributions to the masses beyond ladder-rainbow truncation.
VII. SUMMARY
The There is very little information on the non-perturbative structure of the dressed quarkgluon vertex that can be used to guide a practical phenomenology. The Ball-Chiu (Abelian)
Ansatz [21] , often-used to generate the quark self-energy, is not useful here because the only known way to define a chiral-symmetry-preserving BSE kernel requires an explicit 
Projection of Eq. (A1) onto the basis of Dirac vector and scalar matrices produces coupled non-linear equations for the propagator amplitudes A and B introduced in Eq. (19) . With can be expressed in closed form. To this end one needs the two confluent hypergeometric functions [34] ,
where µ = 2 √ xy/ω 2 . These hypergeometric functions can be numerically evaluated for general complex argument µ using their series expansion (|µ| < 1), direct numerical integration
(1 < |µ| < 17), or asymptotic formulae (|µ| > 17) [34] . There are two important cases: real µ and purely imaginary µ, whereupon the angular integrals reduce to modified Bessel or Bessel functions, respectively. For real µ (i.e., real x = p 2 > 0)
whereas for purely imaginary µ (i.e., real x = p 2 < 0) 
The equations can be solved numerically by iteration subject to the boundary conditions 
where we have dropped the argument x from A and B. This can also be written as 
The second equality can be multiplied out to give an expression for B 2 : 
from whose solutions one can construct B using
The fourth order polynomial Eq. (A13) has in general four solutions A 1 , . . . , A 4 at each point
x with an associated B 1 , . . . , B 4 . The boundary conditions of perturbative behavior in the asymptotic spacelike region (x → ∞), together with the criteria of continuity specify the physical solution.
